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THE GROWTH OF BETTI NUMBERS
AND APPROXIMATION THEOREMS
STEFFEN KIONKE
Abstract. These notes provide a short introduction to the asymptotic be-
haviour of Betti number in towers of finite sheeted covering spaces. For rational
Betti numbers a convenient answer is given by Lu¨ck’s approximation theorem.
We give a proof of Lu¨ck’s theorem, discuss generalizations and mention some
related open problems. Then we proceed to discuss the growth of mod-p Betti
numbers, where many problems remain open. We take a closer look at the spe-
cial case of p-adic analytic towers and discuss a strong approximation theorem
due to Bergeron-Linnell-Lu¨ck-Sauer and Calegari-Emerton.
These lecture notes provide a short introduction to the field of homology growth.
They are composed out of two lectures, which I have given at the Borel seminar
2017 on “Growth in Geometry and Topology” in Les Diablerets. These two lectures
were complemented by the wonderful course of Holger Kammeyer on L2-Invariants.
Here we will mainly use the theory of L2-Betti numbers; we refer to Lu¨ck’s book
[14] and to Kammeyer’s notes on L2-invariants [10] for an introduction. This survey
does not contain new results (and we do not claim originality).
We first describe the main question. LetX0 be a connected CW-complex of finite
type, i.e., there are only finitely many cells of every given dimension. Suppose we
are given a tower (Xi)i∈N of connected covering spaces of X0:
· · · −→ X3 −→ X2 −→ X1 −→ X0.
In the area of homology growth one is concerned with the following subject:
How do homological invariants of the Xi behave as i tends to infinity?
In this course we will only consider the asymptotic behaviour of Betti numbers
(rational, L2 or mod-p).
To set the ground, we begin with a basic reformulation. Let G˜ = π1(X0) denote
the fundamental group and let X˜ be the universal covering space of X0. The
fundamental group G˜ acts freely on X˜ and X0 ∼= G˜\X˜. Let G˜i be the characteristic
subgroup associated to the covering projection Xi → X , then
Xi ∼= G˜i\X˜.
For simplicity, we assume that all the covering projections Xi → X0 are normal
(sometimes called Galois coverings), so that the subgroups G˜i E G˜ are normal. We
have G˜i+1 ⊆ G˜i for all i and we define N =
⋂
i∈N G˜i. We set X = N\X˜, G = G˜/N
and Gi = G˜i/N . Thus, we can always place ourselves in the following situation:
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There is a group G and a free G-CW-complex X such that X0 =
G\X is of finite type. There is a normal tower of subgroups (Gi)i∈N
in G such that the spaces Xi = Gi\X form a tower of normal
covering spaces over X0.
Definition 0.1. Let G be a group. A (finite index) normal tower in G is a de-
creasing sequence
G ⊇ G1 ⊇ G2 ⊇ G3 ⊇ . . .
of (finite index) normal subgroups Gi E G such that
⋂
i∈NGi = {1}.
A group G is residually finite, if for every non-trivial element g ∈ G \ {1} there
is a finite index subgroup H ≤f.i. G which does not contain g. For example, every
finitely generated linear group is residually finite (Mal’cev 1940). If a group G
admits a finite index normal tower, then G is clearly residually finite. Conversely,
every countable, residually finite group has a finite index normal tower.
Exercise 0.2. (a) Show that every countable, residually finite group has a finite
index normal tower.
(b) Let Fd be the free group on d ∈ N generators. Prove that Fd is residually
finite.
1. Lu¨ck’s approximation theorem
1.1. Lu¨ck’s approximation theorem.
Theorem 1.1 (Lu¨ck [13]). Let X be a free G-CW-complex such that G\X is of
finite type. Every finite index normal tower (Gi)i∈N in G satisfies
lim
i→∞
bq(Gi\X ;Q)
[G : Gi]
= b(2)q (X ;N (G))
for every q ∈ N0, where b
(2)
q (X ;N (G)) denotes the q-th L2-Betti number. In partic-
ular, the limit on the left hand side exists and is independent of the chosen tower.
Remark 1.2. Before the work of Lu¨ck only Kazhdan’s inequality
lim sup
i→∞
bq(Gi\X ;Q)
[G : Gi]
≤ b(2)q (X ;N (G))
was known.
Example 1.3. (a) Let G = Fd be the free group on d generators. We consider the
space X = EG (the 2d-regular tree) with the action of G. We choose a finite index
normal tower (Gi)i in G. By the theorem of Nielsen-Schreier, the group Gi is a free
group of rank d(Gi) = (d− 1)[G : Gi] + 1. The space Gi\X is the classifying space
of Gi and hence b1(Gi,Q) = d(Gi). We deduce from the approximation theorem
that b
(2)
1 (Fd) = d− 1.
(b) Let G be a non-trivial group with a finite classifying space BG. Assume that
G admits a finite index normal tower (Gi)i∈N such that Gi ∼= G for all i. Such a
tower exists, for example, for a free abelian group G = Zn and for the 3-dimensional
Heisenberg group G = H3(Z). Lu¨ck’s approximation theorem implies b
(2)
q (G) = 0
for all q. Indeed, the term in the numerator is constant, whereas the index tends
to infinity.
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Now we begin with the proof of Lu¨ck’s approximation theorem; we proceed along
the lines of an argument which Roman Sauer explained to me a couple of years ago.
As a first step, we reduce the statement of Lu¨ck’s approximation theorem to an
assertion on matrices over the group ring Z[G]. Recall that there is an involution
∗ of the complex group algebra C[G] defined for an element a =
∑
agg ∈ C[G]
by a∗ =
∑
g a¯gg
−1. This involution has the property that ρ(a∗) is the adjoint of
ρ(a) for every unitary representation ρ : G→ U(H) of G. Moreover, for all positive
integers m,n, this extends to an operation ∗ : Matm,n(C[G]) → Matn,m(C[G]) by
imposing (A∗)i,j = A
∗
j,i.
Consider the cellular chain complex C•(X) of X
C(X) : . . . Cq+1(X)
∂q+1
−→ Cq(X)
∂q
−→ Cq−1(X) −→ . . .
The action of G on X is, by assumption, free and G\X is of finite type, i.e., there
are only finitely many orbits of cells in each dimension. We infer that Cq(X) is
a finitely generated free Z[G]-module. We fix a Z[G]-basis of Cq(X) for every
q ∈ N0 by choosing a representative of every orbit of q-dimensional cells. We get
an isomorphism Cq(X) ∼= Z[G]nq for some integer nq. Therefore we can describe
the chain complex C•(X) as
C(X) : . . .Z[G]nq+1
Aq+1
−→ Z[G]nq
Aq
−→ Z[G]nq−1 −→ . . .
where the boundary operator ∂q can now be represented as the multiplication (from
the right) with a matrix Aq ∈Matnq,nq−1 (Z[G]).
For every finite index normal subgroup N Ef.i. G, the cellular chain complex
C•(N\X) is isomorphic to Z⊗Z[N ] C•(X). In particular, we obtain
C(N\X ;C) : . . .C[G/N ]nq+1
rN (Aq+1)
−→ C[G/N ]nq
rN (Aq)
−→ C[G/N ]nq−1 −→ . . .
where rN (Aq) denotes the right multiplication operator defined by Aq reduced mod-
ulo N . By the Hodge-de Rham argument, the q-th complex homology Hq(X/N,C)
space is isomorphic to the kernel of the Laplacian rN (AqA
∗
q +A
∗
q+1Aq+1).
The cellular L2-chain complex ofX w.r.t. the action ofG is C(2)(X) := ℓ2(G)⊗Z[G]
C•(X). As before the boundary operators are given by the operators
r(2)(Aq) : ℓ
2(G)nq → ℓ2(G)nq−1
defined by right multiplication with the matrices Aq. For a given degree q the
q-th L2-homology H
(2)
q (X,N (G)) is isomorphic to the kernel of the correspond-
ing Laplacian r(2)(AqA
∗
q + A
∗
q+1Aq+1) by the Hodge-de Rham argument; see [14,
Lemma 1.18]. We conculde that Lu¨ck’s approximation theorem is a consequence
the following algebraic approximation theorem for matrices.
Theorem 1.4 (Lu¨ck Approximation for matrices). Let G be a group and let A ∈
Matn(Z[G]) be a square matrix over the integral group ring. For every finite index
normal tower (Gi)i∈N in G the following holds:
lim
i→∞
dimC ker(rGi(A))
[G : Gi]
= dimN (G) ker(r
(2)(A)).
Remark 1.5. In the proof that we give here, it is essential that the matrix A
has entries in the integral group ring Z[G]. It is easy to extend it to Q[G] and a
similar proof allows to extend it Q[G]. Recently, Andrei Jaikin-Zapirain extended
the result to matrices over C[G], which is a deeper result; see [9].
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Definition 1.6. Let A ∈ Matn(C[G]). We say that A is globally positive, if A∗ = A
and ρ(A) : Hn → Hn is a positive operator for every unitary representation ρ : G→
U(H) of G.
Example 1.7. Let A ∈Matm,n(C[G]), then A∗A and AA∗ are globally positive.
The matrix AqA
∗
q + A
∗
q+1Aq+1 which defines the Laplacian is globally positive.
Therefore we will restrict our discussion to this case and prove the Lu¨ck approxi-
mation for globally positive matrices A ∈Matn(Z[G]) over the integral group ring.
It is an easy exercise to deduce the general approximation for matrices from the
specific result on globally positive matrices.
Exercise 1.8. Assume that the approximation property in Theorem 1.4 is known
for all globally positive matrices A ∈ Matn(Z[G]) over the integral group ring.
Deduce that it holds for arbitrary matrices A ∈ Matn(Q[G]) over the rational
group ring.
Lemma 1.9 (Universal bound for the operator norm). For every A ∈Matn(C[G])
there is a positive real number κA > 0, such that for every unitary representation
ρ : G→ U(H) of G the operator norm of ρ(A) : Hn → Hn is bounded above by κA,
i.e.,
‖ρ(A)‖Hn ≤ κA.
Proof. Let B ∈ Matn(C) be a matrix with only one non-zero entry g ∈ G. It is
easy to see ρ(B) is a local isometry in every unitary representation ρ : G→ U(H),
this means ρ(B)ρ(B∗) is a projection, and thus ‖ρ(B)‖ ≤ 1. A general matrix A is
a finite linear combination of such elementary matrices B. Therefore we can define
κA to be the sum of the absolute values of all the coefficients in all entries of A. 
1.2. Spectral measures and weak convergence. Let M(R) denote the set of
finite, compactly supported Borel measures on R.
We recall the notion of spectral measures. Let H be a finite dimensional complex
Hilbert space. Let S : H → H be a linear operator which is self-adjoint (i.e.,
S∗ = S) and positive (i.e., 〈Sx, x〉 ≥ 0 for all x ∈ H). We know that such an
operator is diagonalisable and has only non-negative real eigenvalues. In addition,
the set of eigenvalues is bounded above by the operator norm ‖S‖. For every Borel
subset A ⊆ R we define µS(A) to be the number of eigenvalues of S (counted with
multiplicities) which lie in A. This defines a measure µS ∈ M(R) which is called
the spectral measure of S. Observe that the equality
Tr(P (S)) =
∫
R
P (t)dµS(t)
holds for every polynomial P ∈ C[T ]. Moreover, by definition dimC ker(S) =
µS({0}). In the same sense a spectral measure exists for positive operators on
finitely generated Hilbert N (G)-modules.
Lemma 1.10. For every positive operator S : ℓ2(G)n → ℓ2(G)n of Hilbert N (G)-
modules, there is a unique measure µS ∈ M(R), with support in [0, ‖S‖], such
that
TrN (G)(P (S)) =
∫
R
P (t)dµS(t)
for every polynomial P ∈ C[T ]. In addition dimN (G) ker(S) = µS({0}).
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Definition 1.11. A sequence (µn)n∈N of measures µn ∈ M(R) converges weakly
to µ ∈ M(R), and we write µn
w
−→ µ, if
lim
n→∞
∫
R
f(t)dµn(t) =
∫
R
f(t)dµ(t)
holds for every bounded continuous function f : R→ C.
Exercise 1.12. (a) Let µ ∈ M(R) and let (µn)n∈N be a sequence of measures.
Assume that there is a compact set C which contains the support of µn for every
n ∈ N and assume further that
lim
n→∞
∫
R
P (t)dµn(t) =
∫
R
P (t)dµ(t)
holds for every polynomial P ∈ C[T ]. Show that µn
w
−→ µ.
Hint: use the approximation theorem of Weierstraß.
(b) Let µn ∈ M(R) be a sequence of measures which converges weakly to µ ∈
M(R). Prove the Portmanteau Theorem: the inequality
lim sup
n→∞
∫
R
f(t)dµn(t) ≤
∫
R
f(t)dµ(t).
holds for every upper semi-continuous function f : R → R which is bounded from
above. Deduce that lim supn→∞ µn(A) ≤ µ(A) for every closed subset A ⊆ R and
lim infn→∞ µn(U) ≥ µ(U) for every open subset U ⊂ R.
(Hint: every upper semi-continuous function is the pointwise limit of a non-increasing
sequence of bounded continuous functions; this is known as Baire’s theorem.)
Lemma 1.13 (Weak convergence of spectral measures). Let G be a group and sup-
pose (Gi)i∈N is a finite index normal tower in G. For every globally positive matrix
A ∈ Matn(C[G]), the sequence of normalized spectral measures µi :=
1
[G:Gi]
µrGi (A)
converges weakly to the L2-spectral measure µr(2)(A) as i→∞.
Proof. By Lemma 1.9 all the measures are supported in a compact interval [0, κA].
It suffices (see Exercise 1.12) to verify
lim
i→∞
∫
R
P (t)dµi(t) =
∫
R
P (t)dµr(2)(A)(t)
for every polynomial P ∈ C[T ]. However, since Ak is again globally positive for
every k ∈ N, it actually suffices to check the above for the polynomial P (T ) = T .
In other words, we need to verify
lim
i→∞
1
[G : Gi]
Tr(rGi(A)) = TrN (G)(r
(2)(A)).
First assume that n = 1, i.e., that A =
∑
g∈G cgg ∈ Z[G] is an element in the group
ring. In this case Tr(rGi(A)) = [G : Gi]
∑
g∈Gi
cg since every g ∈ G \ Gi acts like
a fixed point free permutation on the standard basis vectors. On the other hand,
TrN (G)(r
(2)(A)) = c1. The support of A is finite and
⋂
i∈NGi = {1}, consequently
1
[G:Gi]
Tr(rGi(A)) = TrN (G)(r
(2)(A)) for all sufficiently large i ∈ N.
The assertion for general matrices A ∈ Matn(C[G]) follows from the same argu-
ment applied to every diagonal entry of the matrix A. 
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Example 1.14. In general, weak convergence is not sufficient to prove approxi-
mation. Let µi be the point measure at
1
i
. This sequence of measures converges
weakly to the point measure at 0, however 0 = limi→∞ µi({0}) 6= µ({0}) = 1.
Nevertheless, the weak convergence of spectral measures obtained in Lemma
1.13 and the Portmanteau Theorem (Exercise 1.12) immediately yield Kazhdan’s
inequality
lim sup
i→∞
dimC ker(rGi(A))
[G : Gi]
≤ dimN (G) ker(r
(2)(A)).
for every globally positive matrix A ∈Matn(C[G]).
1.3. Fuglede-Kadison determinants and the proof of the Approximation
Theorem.
Definition 1.15. Let µ ∈M(R) be a measure. The real number
det(µ) = exp
∫ ∞
0+
ln(t)dµ(t)
is called the Fuglede-Kadison determinant of µ. In particular, the Fuglede-Kadison
determinant of a positive operator S : ℓ2(G)n → ℓ2(G)n of Hilbert N (G)-modules,
is defined to be detN (G)(S) = det(µS) the determinant of its spectral measure.
Lemma 1.16. Let µi, µ ∈M(R) measures supported on a compact interval [0, C].
Suppose that µi
w
−→ µ and that det(µi) ≥ δ > 0, then limi→∞ µi({0}) = µ({0}).
Proof. We know from the Portmanteau Theorem that lim supi→∞ µi({0}) ≤ µ({0}).
Let 1 > ε > 0 be given. We observe that
µi
(
(0, ε)
)
≤
1
| ln(ε)|
∫ ε
0+
| ln(t)|dµi(t) ≤
− ln(det(µi)) + ln(C)µi(R)
| ln(ε)|
≤
L
| ln(ε)|
for all sufficiently large i and some constant L = L(C, δ, µ(R)) > 0.
A short calculation yields
lim inf
i→∞
µi({0}) +
L
| log(ε)|
≥ lim inf
i→∞
µi({0}) + lim sup
i→∞
µi
(
(0, ε)
)
≥ lim inf
i→∞
µi
(
(−ε, ε)
)
≥ µ
(
(−ε, ε)
)
≥ µ({0})
where we use the Portmanteau Theorem (Exercise 1.12) in the third step. Since
ε > 0 was arbitrary, the theorem follows by taking the limit as ε→∞. 
Proof of Theorem 1.4. Let G be a group and let (Gi)i∈N be a finite index normal
tower. We consider a globally positive matrix A ∈ Matn(Z[G]) and the associated
sequence µi :=
1
[G:Gi]
µrGi (A) of normalized spectral measures. We want to show
that limi→∞ µi({0}) = µr(2)(A)({0}) using Lemma 1.16. To this end we prove
the Lu¨ck Lemma: det(µi) ≥ 1. A power of the Fuglede-Kadison determinant
det(µi)
[G:Gi] is the product over all non-zero eigenvalues of rGi(A). Since rGi(A)
can be represented by a matrix with integer entries, this is a positive integer. Indeed,
it is the lowest non-zero coefficient of the characteristic polynomial of rGi(A). 
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1.4. Generalizations and the Approximation Conjecture.
1.4.1. Why normal subgroups? The notion of finite index normal towers in the ap-
proximation theorem can be significantly weakened. For every finite index subgroup
H ≤ G, we write cG(H) to denote the number subgroups conjugate to H . Similarly,
for every element g ∈ G we write cG(g,H) for the number of subgroups conjugate
to H which contain g.
Definition 1.17. Let G be a group. A Farber sequence in G is a sequence (Gi)i∈N
of finite index subgroups of G such that
lim
i→∞
cG(g,Gi)
cG(Gi)
= 0
holds for every element g ∈ G with g 6= 1.
Exercise 1.18. (a) Show that a finite index normal tower (Gi)i∈N is a Farber
sequence.
(b) Give an example of a group G and a Farber sequence (Gi)i∈N such that none
of the subgroups Gi is normal in G.
(c) Prove that every group which admits a Farber sequence is residually finite.
Theorem 1.19 (Farber [7]). Let X be a free G-CW-complex such that G\X is of
finite type. Every Farber sequence (Gi)i∈N in G satisfies
lim
i→∞
bq(Gi\X ;Q)
[G : Gi]
= b(2)q (X ;N (G)).
Exercise 1.20. Let G be a group with a Farber sequence (Gi)i∈N.
(a) Consider an element a =
∑
g∈G agg ∈ C[G] of the complex group algebra.
Show that limi→∞[G : Gi]
−1Tr(rGi(a)) = a1. Use this to prove the weak conver-
gence of spectral measures (Lemma 1.13) for Farber sequences.
(b) Prove the approximation theorem of Farber by adapting the proof of Lu¨ck’s
theorem.
1.4.2. Why finite index subgroups?
Conjecture 1.21 (Approximation Conjecture, cf. Conjecture 13.1 in [14]). Let G
be a group and let X be a free G-CW-complex such that G\X is of finite type. For
every normal tower (Gi)i∈N in G
(1.1) lim
i→∞
b(2)q (Gi\X,N (G/Gi)) = b
(2)
q (X,N (G))
for every q ∈ N0.
As before, this conjecture can be reformulated in terms of matrices. This conjec-
ture generalizes Lu¨ck’s approximation theorem, due to the following observation:
if G/Gi is finite, then b
(2)
q (Gi\X,N (G/Gi)) =
bq(Gi\X,Q)
[G:Gi]
.
In view of Lemma 1.16, the Approximation Conjecture follows from the so-
called Determinant Conjecture. The relevance of the Determinant Conjecture for
approximation was first realized by Schick [18].
Conjecture 1.22 (Determinant Conjecture, cf. 13.2 in [14]). Let G be a group
and let A ∈ Matn(Z[G]) be a globally positive matrix. Then the Fuglede-Kadison
determinant satisfies detN (G)(r
(2)(A)) ≥ 1.
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In general these two conjectures are open and it is not clear if one should really
expect them to hold for all groups. Nevertheless, it is of interest to understand
precisely when they are satisfied. If G is a group and (Gi)i∈N is a normal tower
such that (1.1) holds for every X , then we say that G satisfies the Approximation
Conjecture w.r.t. (Gi)i.
Theorem 1.23 (Elek-Szabo´ [6]). (a) Every sofic group satisfies the Determinant
Conjecture.
(b) Let G be a group and let (Gi)i∈N be a normal tower. Assume that every quo-
tient G/Gi is sofic, then G satisfies the Approximation Conjecture w.r.t. (Gi)i∈N.
The sofic groups were introduced by Gromov [8] – under a different name – and
studied further by B. Weiss [19]. We briefly recall the definition given in [6, Def. 1.2]
and we refer to [5] for further properties.
Definition 1.24. A group G is sofic if for every ε > 0 and every finite subset
W ⊆ G, there exists a finite set X and a function f : G → Aut(X) (i.g. no homo-
morphism) such that
(1) for all u, v ∈ W the set
Lu,v = { x ∈ X | f(uv)(x) = (f(u) ◦ f(v))(x) }
has at least (1− ε)|X | elements.
(2) f(1) = IdX and for all u ∈ W \ {1} the fixed point set FixX(f(u)) has at
most ε|X | elements.
Every residually finite group is sofic and every amenable group is sofic. The class
of sofic groups is closed under direct limits, inverse limits, taking subgroups and
free products. Moreover, sofic-by-amenable extensions are sofic (see [5, Thm. 1]).
The class of sofic group is so large, that at present no example of a non-sofic group
is known. This leads to an important open problem:
Question 1.25. Is every group sofic?
2. The growth of Betti numbers in positive characteristic
Let p be a prime number. In the previous section we discussed the approxima-
tion theorem, which identifies the L2-Betti number as the limit of a sequence of
normalized Q-Betti numbers. Is there an analogous theory for the Fp-Betti num-
bers?
Question 2.1. Let G be a residually finite group with a finite index normal tower
(Gi)i∈N. Suppose that X is a free G-CW-complex such that G\X is of finite type.
Does the sequence of normalized q-th Fp-Betti numbers
bq(Gi\X ;Fp)
[G : Gi]
converge as i tends to infinity? If yes, what is the limit? Does it depend on the
finite index normal tower?
Remark 2.2. By the universal coefficient theorem we always have bq(Gi\X ;Fp) ≥
bq(Gi\X ;Q). Hence, if the limit exists, it is greater or equal than the corresponding
the L2-Betti number.
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Conjecture 2.3 (Conjecture 2.4 [15]). Let X be a contractible free G-CW-complex
s.t. G\X is of finite type. For every finite index normal tower (Gi)i∈N, the limit
lim
i→∞
bq(Gi\X,Fp)
[G : Gi]
= b(2)q (X,NG)
exists and is the L2-Betti number.
Example 2.4 (cf. Example 6.2 in [12]). Here is an example to illustrate why X is
assumed to be contractible in Conjecture 2.3. Let d ≥ 2 and take a map f : Sd → Sd
of degree p, i.e., Hd(f) is multiplication with p. The existence of such a map can be
seen by induction on d. Construct Y = Sd∪f Dd+1 by attaching a (d+1)-cell using
the map f . The space Y is simply connected. Moreover, the integral homology of
Y vanishes in every degree q ≥ 1, except for degree q = d where Hd(Y ) ∼= Z/pZ by
construction.
Now consider the CW-complex X0 = S
1 ∨ Y with fundamental group G =
π1(X0) ∼= Z. The universal covering X of X0 is the real line R with a copy of Y
attached at every integer point; it is a free G-CW-complex.
For i ∈ N we denote by Gi ≤ G the unique subgroup of index i. The space Xi =
Gi\X is a circle with i copies of Y attached. In particular, we obtain Hd(Xi,Q) = 0
but Hd(Xi,Fp) = F
i
p. Therefore we get
lim
i→∞
bq(Gi\X,Fp)
[G : Gi]
= 1 > 0 =
bq(Gi\X,Q)
[G : Gi]
= b(2)q (X,NG).
In general it is unknown whether the sequence of normalized mod-p Betti num-
bers converges at all. However, the sequence converges if [G : Gi] is a p-power for
every i.
Theorem 2.5 (Bergeron-Linnell-Lu¨ck-Sauer, Thm. 1.6 [2]). Let G be a group and
let X be a free G-CW-complex such that G\X is of finite type. Assume that (Gi)i∈N
is a decreasing sequence of finite index subgroups G1 ≥ G2 ≥ G3 . . . in G such that
Gi+1 is normal in Gi and [Gi : Gi+1] is a p-power for every i. For every q ∈ N0
the sequence of q-th Fp-Betti numbers
bq(Gi\X ;Fp)
[G : Gi]
is monotonically decreasing and converges as i tends to infinity.
This result is a consequence of some elementary observations about modular
representation theory. Let R = Fp[Z/pZ] be the group ring of the finite cyclic group
of order p. The ring R is isomorphic to Fp[T ]/(T
p−1). However, T p−1 = (T −1)p
in a field of characteristic p; so we may write τ = T − 1 to obtain an isomorphism
R ∼= Fp[τ ]/(τp). The ring R is a local ring with unique maximal ideal τR and every
element r ∈ R can be written r = τku for a unique power k ∈ {0, . . . , p} and some
unit u ∈ R×.
Lemma 2.6. Let ϕ : M → M be a homomorphism of free finite rank R-modules
and let ϕ : M/τM → N/τN be the induced Fp-linear map. Then the following two
inequalities hold:
dimFp im(ϕ) ≥ p dimFp im(ϕ)
dimFp ker(ϕ) ≤ p dimFp ker(ϕ)
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Proof. Due to the observation above, the Gauß-Elimination algorithm works in
the ring R! Therefore, we can find R-bases of M and N such that the matrix A
of ϕ with respect to the chosen bases is diagonal with entries of the form τk for
exponents k ∈ {0, . . . , p}. Let j be the number of entries of the form 1 = τ0. Then
dimFp im(ϕ) = j, whereas dimFp im(ϕ) is at least j dimFp R = jp. 
Proof of Theorem 2.5. Every finite p-group is nilpotent, so we may refine the se-
quence (Gi)i∈N so that Gi/Gi+1 ∼= Z/pZ.
We have to show that
bq(Gi+1\X;Fp)
p
≤ bq(Gi\X ;Fp). The CW-complex Y =
Gi+1\X carries a free action of Gi/Gi+1 ∼= Z/pZ. We choose a set of representatives
for the orbits of cells in every dimension to see that the mod-p cellular chain complex
of Y is a chain complex of finite rank free modules over R = Fp[Z/pZ], i.e.,
C(Y ;Fp) : . . . R
nq+1
∂q+1
−→ Rnq
∂q
−→ Rnq−1 −→ . . .
Now Lemma 2.6 implies
bq(Gi+1\X ;Fp) = dimFp ker(∂q)− dimFp im(∂q+1)
≤ p dimFp ker(∂q)− p dimFp im(∂q+1) = p bq(Gi\X ;Fp) 
2.1. The growth of Betti numbers in p-adic analytic towers. The main step
towards more precise results is to find a good candidate for the limit of the sequence
of Betti numbers. In the case of L2-Betti numbers, we embedded the group ring
Z[G] into the von Neumann algebra N (G) and used the dimension theory of von
Neumann algebras to define L2-Betti numbers. In this vein, one hopes that it
is possible to embed the group algebra Fp[G] into a ring with a useful notion of
dimension of modules. In some cases one can embed the group algebra Fp[G] even
into a division algebra; this applies, for instance, if G is a torsion-free elementary
amenable group [12] or if G is orderable; see [2] for a related result. However, in
general this is not possible. In other cases, it is fruitful to restrict attention to a
specific class of finite index normal towers. Here we discuss the growth of Betti
numbers in p-adic analytic towers, where both methods can be combined to obtain
strong results. This method was introduced by Calegari and Emerton in [3]; here
we follow the more general account of Bergeron-Linnell-Lu¨ck-Sauer [2].
2.1.1. Compact p-adic Lie groups and Iwasawa algebras. Let p be a prime number.
The ring of p-adic integers Zp = lim←−k∈N
Z/pkZ is a complete discrete valuation
ring with maximal ideal pZp. The field of fractions of Zp is the field Qp of p-adic
numbers, which is isomorphic to the completion of the field Q of rational numbers
with respect to the p-adic valuation. The group GLN (Zp) of invertible N × N -
matrices over Zp is a compact, totally disconnected topological group. A basis of
open neighbourhoods of the identity is given by the principal congruence subgroups,
i.e. the kernels of the surjective homomorphisms redpk : GLN(Zp)→ GLN (Z/p
kZ).
Definition 2.7. A topological group H is a compact p-adic Lie group if it is iso-
morphic to a closed subgroup of GLN (Zp) for some N .
Sometimes compact p-adic Lie groups are also called compact p-adic analytic
groups. Just as real Lie groups these groups can also be defined as group objects
in the category of p-adic analytic manifolds. This will not be important for us,
except that the dimension of a p-adic Lie group is defined as the dimension of the
underlying manifold.
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Every compact p-adic Lie group contains a neighbourhood basis of open compact
subgroups which are uniform pro-p groups (also called uniformly powerful pro-p
groups). These groups are the main tool in the theory of p-adic Lie groups since they
admit a useful Lie theory. For a concise definition we refer to [4, Chapter 4]. Here it
suffices to mention that the principle congruence subgroups ker(redpi) ≤ GLN (Zp)
are uniform for all i ≥ 1 if p is odd and for all i ≥ 2 if p = 2.
Let H ≤ GLN (Zp) be a compact p-adic Lie group. The Iwasawa algebra of H is
the profinite ring
Fp[[H ]] = lim←−
UEoH
Fp[H/U ]
where the limit is taken over the inverse system of open normal subgroups of H .
The Iwasawa algebra is particularly well understood if H is a uniform pro-p group.
In this case the Iwasawa algebra Fp[[H ]] is a left and right noetherian ring which
has no zero-divisors; see 7.25 in [4]. Moreover, in this case the non-zero elements of
Fp[[H ]] satisfy the left and right Ore condition. The Ore localization DH of Fp[[H ]]
is a division algebra; it is the classical ring of fractions of Fp[[H ]].
Now, let H be any compact p-adic Lie group. As mentioned above, H contains
an open normal uniform pro-p subgroup U Eo H . The Iwasawa algebra Fp[[H ]] is
a finitely generated free module over Fp[[U ]] of rank [H : U ]. We will use this to
define the rank of finitely generated Fp[[H ]] modules.
Definition 2.8. Let M be a finitely generated Fp[[H ]]-module and let U Eo H be
an open normal uniform pro-p subgroup. The rank rkFp[[H]](M) of M is
rkFp[[H]](M) =
1
[H : U ]
dimDU
(
DU ⊗Fp[[U ]] M
)
.
The rank is independent of the chosen open normal uniform pro-p subgroup U .
Moreover, the rank is additive in short exact sequences.
Lemma 2.9. Let H be a compact p-adic Lie group. Then rkFp[[H]](Fp[[H ]]) = 1 and
every short exact sequence
0 −→ L1 −→ L2 −→ L3 −→ 0
of finitely generated Fp[[H ]]-modules, the ranks satisfy
rkFp[[H]](L2) = rkFp[[H]](L1) + rkFp[[H]](L3).
Exercise 2.10. Give a proof of Lemma 2.9.
(Hint: use the fact that the Ore localization DU of the Iwasawa algebra Fp[[U ]] is a
flat Fp[[U ]]-module, when U Eo H is an open normal uniform pro-p subgroup.)
2.1.2. The theory of p-adic analytic towers.
Definition 2.11. Let G be a group and let (Gi)i∈N be a finite index normal tower.
The tower is said to be p-adic analytic, if there is an injective homomorphism
ϕ : G→ GLN (Zp), such that Gi = ker(redpi ◦ϕ). The closure H of the image ϕ(G)
of ϕ is a compact p-adic Lie group; its dimension d is called the dimension of the
tower.
Remark 2.12. Let (Gi)i be a p-adic analytic tower in G. The dimension d and
the associated compact p-adic Lie group H are independent of the homomorphism
ϕ : G→ GLN (Zp).
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Let G be a group and let (Gi)i∈N be a p-adic analytic tower with associated
p-adic Lie group H of dimension d. Let X be a free G-CW-complex such that G\X
is of finite type.
Definition 2.13. The q-th mod-p L2-Betti number of X with respect to the tower
(Gi)i∈N is
βq(X,G;Fp) = rkFp[[H]]
(
Hq
(
Fp[[H ]]⊗Fp[G] C•(X,Fp)
))
.
Theorem 2.14 (Bergeron-Linnell-Lu¨ck-Sauer [2]). Let G be a group and let (Gi)i∈N
be a p-adic analytic tower of dimension d. Let X be a free G-CW-complex such
that G\X is of finite type, then for every q ∈ N0
bq(Gi\X,Fp) = βq(X,G,Fp) [G : Gi] +O
(
[G : Gi]
1− 1
d
)
.
Remark 2.15. In this setting, there is rational number w such that the index
[G : Gi] is equal to
[G : Gi] = wp
di
for all sufficiently large i ∈ N. In particular, O
(
[G : Gi]
1− 1
d
)
= O(pi(d−1)) as i tends
to infinity.
The key ingredient is the following result; a proof can be found in [2].
Theorem 2.16 (Harris). Let H ≤c GLN (Zp) be a compact p-adic Lie group of
dimension d and let Hi = H ∩ ker(redpi). For every finitely generated Fp[[H ]]-
module M , the identity
dimFp(Fp ⊗Fp[[Hi]] M) = [H : Hi] rkFp[[H]](M) +O
(
[H : Hi]
1− 1
d
)
holds as i→∞.
Corollary 2.17. Let f : L→M be a homomorphism of free finite rank left Fp[[H ]]-
modules. For every i ∈ N we define f [i] := Id⊗f : Fp ⊗Fp[[Hi]] L → Fp ⊗Fp[[Hi]] M .
The following statements hold as i→∞:
(1) dimFp
(
coker(f [i])
)
= rkFp[[H]]
(
coker(f)
)
[H : Hi] +O
(
[H : Hi]
1− 1
d
)
(2) dimFp
(
im(f [i])
)
= rkFp[[H]]
(
im(f)
)
[H : Hi] +O
(
[H : Hi]
1− 1
d
)
(3) dimFp
(
ker(f [i])
)
= rkFp[[H]]
(
ker(f)
)
[H : Hi] +O
(
[H : Hi]
1− 1
d
)
Proof. The tensor product functors Fp ⊗Fp[[Hi]] · are right exact, this means, they
preserve cokernels. Therefore coker(f [i]) = Fp ⊗Fp[[Hi]] coker(f) and assertion (1)
follows from Harris’ theorem. Now, we deduce (2). We have short exact sequences
0 −→ im(f) −→M −→ coker(f) −→ 0
0 −→ im(f [i]) −→ Fp ⊗Fp[[Hi]] M −→ coker(f
[i]) −→ 0
for all i ∈ N. If m ∈ N is the rank of the free module M , then m = rkFp[[H]](M) and
m[H : Hi] = dimFp Fp⊗Fp[[Hi]]M . Finally, (2) follows from the following calculation
dimFp
(
im(f [i])
)
= m[H : Hi]− dimFp
(
coker(f [i])
)
=
(
m− rkFp[[H]]
(
coker(f)
))
[H : Hi] +O
(
[H : Hi]
1− 1
d
)
= rkFp[[H]]
(
im(f)
)
[H : Hi] +O
(
[H : Hi]
1− 1
d
)
.
We leave it as an exercise to verify the last assertion. 
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Exercise 2.18. Prove statement (3) of Corollary 2.17.
Proof of Theorem 2.14. We first note that [G : Gi] = [H : Hi] since the image of
G is dense in H . The cellular chain complex C•(X,Fp) is a chain complex of finite
rank free Fp[G]-modules, thus the chain complex Ĉ• = Fp[[H ]]⊗Fp[G] C•
Ĉ• : . . . Ĉq+1
∂̂q+1
−→ Ĉq
∂̂q
−→ Ĉq−1 −→ . . .
is a chain complex of finite rank free Fp[[H ]]-modules. By Lemma 2.9 the q-th mod-p
L2-Betti number is βq(X,G;Fp) = rkFp[[H]](ker(∂̂q))−rkFp[[H]](im(∂̂q+1)). Moreover,
we observe that the cellular chain complex C•(Gi\X,Fp) of Gi\X is isomorphic to
the tensor product Fp ⊗Fp[[Hi]] Ĉ•. Finally, Corollary 2.17 yields
bq(Gi\X,Fp) = dimFp
(
ker(∂̂[i]q )
)
− dimFp(∂̂
[i]
q+1)
= [G : Gi]
(
rkFp[[H]](ker(∂̂q))− rkFp[[H]](im(∂̂q+1))
)
+O([G : Gi]
1− 1
d )
= [G : Gi] βq(X,G,Fp) +O([G : Gi]
1− 1
d ).

2.2. The first Betti numbers of groups and the rank gradient. Let G be a
finitely generated group. We take a closer look at the first L2-Betti number of G.
The first homology group of G is isomorphic to the abelianization:
H1(G;Z) ∼= G
ab = G/[G,G].
The first Betti number of G is the rank of the free part of this finitely generated
abelian group. The first mod-p homology of G is H1(G,Fp) ∼= Gab/pGab and the
first Fp-Betti number is the dimension of this Fp-vector space. In particular, we
obtain
(2.1) b1(G;Q) ≤ b1(G,Fp) ≤ d(G),
where d(G) denotes the minimal number of generators of G.
Given a subgroup of finite index H ≤f.i. G, the Nielsen-Schreier formula for
free groups implies that d(H) − 1 ≤ [G : H ](d(G) − 1). In particular, for every
finite index normal tower (Gi)i∈N, the sequence of non-negative numbers
d(Gi)−1
[G:Gi]
is monotonically decreasing; therefore the limit
RG(G, (Gi)) := lim
i→∞
d(Gi)− 1
[G : Gi]
exists. The number RG(G, (Gi)) is called the rank gradient of G w.r.t. (Gi)i∈N.
The rank gradient was introduced by Lackenby in [11]. Even though it has been
studied frequently in recent years, the following question remains open.
Question 2.19. LetG be a finitely generated, residually finite group. Is RG(G, (Gi))
independent of the chosen finite index normal tower?
Assume now that G is an infinite, finitely presented, residually finite group. In
this case Lu¨ck’s approximation theorem and (2.1) imply the following inequalities
b
(2)
1 (G) ≤ lim inf
i→∞
b1(Gi,Fp)
[G : Gi]
≤ lim sup
i→∞
b1(Gi,Fp)
[G : Gi]
≤ RG(G, (Gi)).
It is thus tempting to ask the following question.
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Question 2.20 (cf. Question 3.3 [15]). LetG be an infinite, residually finite, finitely
presented group. Is it true that RG(G, (Gi)) = b
(2)
1 (G) holds for every finite index
normal tower (Gi)i∈N in G?
In particular, an affirmative answer immediately provides answers to Question
2.19, Question 2.1 and Conjecture 2.3 for b1. Clearly, the answer to Question 2.20
is positive for all groups with vanishing rank gradient. For example, this holds for
all finitely generated groups which contain an infinite amenable normal subgroup;
see [1, Theorem 3].
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